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In this note we calculate the number of crepant valuations of an isolated
canonical singularity 0 ∈ X : (f = 0) ⊂ Cn, which is assumed to
be nondegenerate with respect to its Newton polyhedron, in terms of
weightings and the Newton polyhedron of f .
1 Introduction
Let 0 ∈ X : (f = 0) ⊂ Cn be (a germ of) an isolated canonical hypersurface
singularity. Given a morphism ϕ : Y → X from a partial resolution Y with





where Ei are the ϕ-exceptional prime divisors and ai ≥ 0. The discrepancy
ai depends only on the valuation of the divisor Ei. If ai = 0 the divisor
Ei is called crepant. A crepant valuation v has centre a divisor Ei on any
partial resolution Y of X with at most terminal singularities. The number
of crepant valuations c(X) := #{i : ai = 0}, measuring how far is X from
being terminal, is finite and independent of Y .
Under the assumption that the hypersurface X is nondegenerate with
respect to its Newton polyhedron, we develop in this note the calculations
in toric geometry enabling us to detect the birationally defined divisors Ei
in terms of weightings and the Newton polyhedron of f ; in particular, we
derive a formula for their number, c(X).
The arguments work for a n-dimensional hypersurface X, but we are
mainly interested in the 3-fold case. If ϕ : Y → X is a minimal model of
X, then c(X) is equal to the fourth Betti number of Y . The problem of
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determining the cohomology of Y was studied in [1], and will be the subject
of a forthcoming paper.
In Section 2 we recall standard terminology and notation from toric
geometry.
For a weighting α, denote by α(1) the sum of the weights, and by α(f)
the degree of the α-tangent cone of X. In Section 3 we use a discrepancy
calculation from [4], and note that every crepant valuation is represented
by an exceptional divisor on an α-blowup ϕα : X(α) → X, where α is a
weighting satisfying the equation α(1) = α(f) + 1; we call the weightings
satisfying this equation crepant, and denote the set of crepant weightings
by W (f). This gives a relation between crepant valuations and exceptional
prime divisors on weighted blowups with crepant weightings.
In order to make this correspondence 1-to-1, we define in Section 4 the
set E(f) consisting of the exceptional prime divisors E on α-blowups of X
with α crepant satisfying vE(xi) = αi, where vE is the valuation of E. Using
some auxiliary results from the previous section, we obtain a characterisation
of the set E(f) (Theorem 4.3). This gives a list of representatives of the
crepant valuations, which are certain hypersurfaces in weighted projective
spaces.
As a consequence, we obtain in Section 5 a formula for c(X) = #E(f) in
terms of the set W (f) of crepant weightings and the Newton diagram Γ(f)





length Γα + # {α ∈ W (f) : dim Γα ≥ 2} ,
where Γα denotes the face of Γ(f) corresponding to α, and length Γα =
# (Zn ∩ Γα) − 1.
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Recall standard toric terminology. Let M be the free Abelian group Zn,
N = HomZ(M, Z) its dual, MR = M ⊗Z R and NR = N ⊗Z R the vector





i . A weighting α = (α1, . . . , αn) ∈ N is primitive
if the αi have no common factor.
Let e1, . . . , en denote the standard basis of NR, σ =
∑n
i=1 R≥0ei ⊂





i the dual quadrant. It is










Let 0 ∈ X : (f = 0) ⊂ Cn be an isolated hypersurface singularity.
The Newton polyhedron of f , Γ+(f), is the convex hull in MR of the set⋃
m∈f (m+σ
∨); the union of all its compact facets, Γ(f), is called the Newton




polynomial f is nondegenerate with respect to its Newton polyhedron if, for
each face Γ of Γ(f), the hypersurface defined by fΓ = 0 is nonsingular on
(C∗)n. The defining property of a nondegenerate hypersurface X is that it
can be desingularised by a suitable toric resolution of the ambient space Cn.
Consider the filtration of ideals I• on A = C[x1, . . . , xn] given by
Ik = {g ∈ A : α(g) ≥ k}.
Let A :=
⊕
k≥0 Ik be the blowup algebra of I• in A, and ϕα : C
n(α) :=






defines the exceptional set by Eα := Proj grI•A
∼= P(α). The standard open





i6=j R≥0ei + R≥0α.
If there exists j such that αj = 1, then a minimal set of generators for
σj(α)




j for 1 ≤ i ≤ n}, and thus
Uj = Spec C[xj, y1, . . . , ŷj , . . . , yn] ∼= C
n,
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where yi = xi/x
αj
j for all 1 ≤ j ≤ n with j 6= i. In general, Uj = C
n/µαj ,
where the group µαj of primitive αjth roots of unity acts on C
n by
xj 7→ εxj and yi 7→ ε
−αiyi.
If α ∈ σ∩N is a primitive weighting, we can avoid working on the cyclic
cover by choosing a different open set of ProjA. Let m0 ∈ M be a monomial
with α(m0) = 1, as in [4, (4.8)], and u = x
m0 . Consider then
Uα = Spec C[u, y1, . . . , yn],
where yi = xi/u
αi for 1 ≤ i ≤ n. On this open set, the α-blowup is given by
xi = u
αiyi for 1 ≤ i ≤ n.
3 Crepant weightings
Let 0 ∈ X : (f = 0) ⊂ Cn be an isolated canonical nondegenerate singularity.
For each primitive weighting α ∈ σ ∩ N , denote by ϕα : X(α) → X the α-
blowup of X.
It is shown in [4, Section 4.8] that, for any primitive weighting α ∈ σ∩N ,
there is a relation
KCn(α) + X(α) = ϕ
∗
α(KCn + X) + (α(1) − α(f) − 1)Eα, (1)
where 1 = (1, . . . , 1) ∈ M . In particular, the divisor Eα is crepant with re-
spect to the pair (Cn,X) if and only if α(1) = α(f)+1. Choose a subdivision
of σ such that the proper transform X̃ of X under the corresponding toric
morphism is nonsingular; X could be resolved, for instance, by successive
weighted blowups. By the adjunction formula, it follows that an exceptional
divisor E ⊂ X̃ is crepant if and only if the corresponding weighting satisfies
the equation α(1) = α(f) + 1. This justifies the following:
Definition 3.1 A primitive weighting α ∈ σ ∩ N , not belonging to any
proper face of σ (see the remark below), is called crepant if it satisfies the
equation
α(1) = α(f) + 1. (2)
Denote by W (f) the set of crepant weightings.
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Remark 3.2 The reason for restricting to interior weightings α ∈ σ◦ ∩ N
in the above definition is that, since it is always possible to assume that f
contains a power of each variable, the only solution α of the equation (2)
with, say, αi = 0 is α = e
∗
j , for some j.
Remark 3.3 A weighting α ∈ σ ∩ N satisfying (2) is automatically primi-
tive.
A weighted blowup of a given singularity is not normal in general. Con-
sider, for instance, the singularity 0 ∈ X : (f = 0) ⊂ C4, where
f = x3 + y3 + z3 + tn with n ≥ 3,
and α = (k, k, 1, 1), for some 1 ≤ k ≤ [n/3]. One affine piece of the α-blowup
of X is given by
x = tkx1, y = t
ky1 and z = tz1
and thus






is not normal, unless k = 1. Taking its normalisation by replacing z1 with
z1/t
k−1 leads to the new weighting β = (k, k, k, 1), which is crepant.
Nevertheless, if α is crepant, then X(α) is normal. This is the content
of the following:
Proposition 3.4 Let 0 ∈ X ⊂ Cn be a canonical hypersurface singularity
and α a crepant weighting. Then the α-blowup of X also has canonical
singularities.
Proof We only need to check that X(α) is normal. This is a direct conse-
quence of the adjunction and subadjunction formulas (see [5]).
(1) Adjunction. From the relation (1) it follows, since α is crepant, that










associated to the standard exact sequence


























ωX(α), it follows that
ωX(α) = OX(α). (3)
(2) Subadjunction. Suppose X(α) is not normal and take its normalisa-





and C̃ = CO
X̃(α)
as in [5, 2.1]. Then [5, 2.3]
π∗ωX(α) = ωX̃(α)(C). (4)
Relations (3) and (4) with C 6= 0 contradict the assumption that 0 ∈ X is
canonical. 2
In the remainder of this section we prove some lemmas which will be used
in Section 4. Before giving the precise statements, we fix some notation and
briefly describe how these lemmas will be used in the proof of Theorem 4.3.
Let 0 ∈ X : (f = 0) ⊂ Cn be a canonical singularity, and let α be a
crepant weighting. Let f = fα+f>α be the α-homogeneous decomposition of
f . Denote f (j) =
∑
amx
m, where the summation is taken over all monomials
m ∈ f with mj = 0; similar notation for fα and f>α. Denote also by E(α)
the exceptional locus of the α-blowup of X.
The calculation of valuations along crepant divisors E ⊂ E(α) in the
proof of Theorem 4.3 involves the choice of a monomial m0 ∈ M with
α(m0) = 1. If xj|fα for some j with 1 ≤ j ≤ n, this calculation is simplified
if such a monomial m0 can be found with the additional property that its









Lemma 3.6 will be used to express vE(xi) in terms of αi, l and l
′, for a
divisor E which is not essential for its valuation (see Definition 4.1). The
values vE(xi) define a new weighting β by βi = vE(xi), which is crepant
according to Lemma 3.7.
Lemma 3.5 Let 0 ∈ X : (f = 0) ⊂ Cn be a canonical singularity, and let α
be a crepant weighting. Assume that xj |fα for some j with 1 ≤ j ≤ n. Then
gcd(α1, . . . , αj−1, αj+1, . . . , αn) = 1.
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Proof Let d = gcd(α1, . . . , αj−1, αj+1, . . . , αn) and denote l = minm∈fα mj.
By assumption, l ≥ 1.
Define a new weighting β ∈ σ◦ ∩ N by βj = ⌈αj/d⌉, and βi = αi/d for
i 6= j, where, for r a rational number, ⌈r⌉ is the smallest integer ≥ r.
Since 0 ∈ X is canonical, we have β(1) ≥ β(f) + 1 (see [4, (4.8)]). This
is equivalent to
α(1) + dβj − αj ≥ min
m∈f
(α(m) + dβjmj − αjmj) + d. (5)
Suppose there exists a monomial m ∈ f>α such that
α(1) + dβj − αj ≥ α(m) + (dβj − αj)mj + d.
Since α is crepant, it follows that dβj −αj ≥ (dβj −αj)mj +d. Thus mj = 0,
which gives dβj − αj ≥ d. This contradicts the definition of βj .
It is enough, therefore, to consider in (5) only monomials m ∈ fα. Using
again the fact that α is crepant, (5) becomes dβj −αj + 1 ≥ l(dβj −αj)+ d.
The last inequality is possible if and only if d = 1.
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Lemma 3.6 Assume that xj |fα for some j with 1 ≤ j ≤ n and denote






Then either l or l′ is equal to 1.
Proof Define β ∈ σ◦ ∩ N by βj = αj + 1 and βi = αi for i 6= j. Since
β(1) ≥ β(f) + 1, at least one of the following conditions must hold:
(i) α(1) ≥minm∈fα(α(m) + mj).
(ii) α(1) ≥minm∈f>α(α(m) + mj).











α(m). Using again the fact that α is crepant, it




α(m), and this is equivalent to l′ = 1.
2
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Lemma 3.7 Same assumptions and notation as before. Then the new weight-
ing β ∈ σ ∩ N defined by
βi = lαi and βj = lαj + l
′
is crepant.
Proof Using the fact that α is crepant it follows that
β(1) = lα(1) + l′ = l(α(f) + 1) + l′.
In order to express β(f) in terms of α(f), notice that any monomial
m ∈ f>α with mj 6= 0 satisfies lα(m) + l












β(m) = l(α(f) + l′). Therefore β(f) = lα(f) + ll′, and the
conclusion now follows from the previous lemma.
2
4 Crepant valuations
Recall that, given an isolated canonical nondegenerate singularity 0 ∈ X :
(f = 0) ⊂ Cn, we are interested in the exceptional divisors E(α) := Eα ∩
X(α) on weighted blowups X(α) of X with α crepant weightings, that is,
weightings satisfying
α(1) = α(f) + 1.
In order to calculate the number c(X) it is more convenient to use a bira-
tionally invariant language, namely that of geometric discrete valuations v
of the function field k(X). To any prime divisor E on a partial resolution
of X, associate the corresponding valuation
vE : k(X)
∗ → Z.
By formula (1), for any crepant valuation v, there exists a crepant weight-
ing α and a prime divisor E ⊂ E(α) such that v = vE. This gives a rela-
tion between crepant valuations and exceptional prime divisors on weighted
blowups with crepant weightings. In order to make this correspondence
1-to-1, we introduce the following:
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Definition 4.1 Let α be a crepant weighting. A prime divisor E on the
α-blowup of X is called essential for its valuation if vE(xi) = αi. Denote by
E(f) the set of divisors which are essential for their valuations.
In this section we prove that E(f) is a set of representatives of the
crepant valuations. Before stating the result, we give an illustration of the
calculations involved in the proof of Theorem 4.3.
Example 4.2 The polynomial f = x3 + x2z + y2z + z4 + t12 defines an
isolated canonical nondegenerate singularity 0 ∈ X : (f = 0) ⊂ C4. There
are 6 crepant weightings:
W (f) = {(1, 1, 1, 1), (2, 2, 2, 1), (3, 3, 2, 1), (3, 3, 3, 1), (4, 4, 3, 1), (4, 4, 4, 1)} .
Let α = (k, k, k, 1) with 1 ≤ k ≤ 4. The α-blowup of X is given in one
affine piece by setting x = tkx1, y = t
ky1 and z = t
kz1. Thus







In this case t is a uniformising parameter and x1, y1 and z1 are units of
OX(α),E(α). Therefore E(α) ∈ E(f).
If α = (3, 3, 2, 1), the α-blowup of X is given by
x = t3x1 y = t
3y1 z = t
2z1.
The divisor E(α) has 2 irreducible components, E1 : (x
2 + y2 + z3 = 0) ⊂
P(α), which is essential for its valuation, and E2 : (z = 0) ⊂ P(α). The
latter is given on








by t = z1 = 0. Thus v(x) = 3, v(y) = 3, v(z) = 3 and v(t) = 1, where v
is the valuation along E2. The weighting β = (3, 3, 3, 1) is crepant, and the
divisors E2 and E(β) represent the same valuation.
Similarly, for α = (4, 4, 3, 1), the divisor E(α) : (x2z + y2z = 0) ⊂
P(α) has 3 irreducible components, and only 2 of them belong to E(f).
Calculating the valuation along E : (z = 0) gives v(x) = 4, v(y) = 4,
v(z) = 4 and v(t) = 1. As in the previous case, the weighting β = (4, 4, 4, 1)
is crepant, and v = vE(β).
Theorem 4.3 Let 0 ∈ X : (f = 0) ⊂ Cn be an isolated canonical nonde-
generate singularity, α a crepant weighting, and E an irreducible component
of E(α) ⊂ P(α). Then
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(1) The divisor E is essential for its valuation if and only if E ⊂ P(α) is
not one of the coordinate hyperplanes.
(2) Any crepant valuation is the valuation along a divisor in the set E(f).
Proof The proof has two parts:
(A) The first part is based on explicit calculations of valuations along
crepant divisors and proves (1); it also defines, for E 6∈ E(f), a new weighting
β, by βi = vE(xi).
(B) In the second part we prove that E(β) has precisely one component
E′ which is essential for its valuation, and that X(α) and X(β) are locally
isomorphic over X at the generic points of E and E′ .
Part (A) Valuations along crepant divisors. Choose an arbitrary Laurent
monomial m0 ∈ M satisfying α(m0) = 1 and let u = x
m0 as in Section 2.
The α-blowup of Cn is given on the open set Uα by xi = u
αiyi. Notice that
the yi are related by y
m0=1. Let U := X(α) ∩ Uα be the proper transform
of X on Uα. Its equation is
∑
m∈f
uα(m)−α(f)ym = 0. (6)
On U the exceptional divisor E(α) is given by u = fα(y) = 0. Let g be the
irreducible polynomial such that the component E has the expression
E : u = g(y) = 0 on the open set U.
Denote by A = OX(α),E the localisation of the ring of regular function
on X(α) at the generic point of E. Denote also by v = vE the corresponding
valuation.
If g(y) 6= yi for any i, it follows from the nondegeneracy assumption
that u is a uniformising parameter and all the yi are units in A. Therefore
v(xi) = αi, i.e., E is essential.
Suppose that g(y) = yj for some j. Then v(yj) ≥ 1 and E is no longer
essential. This proves (1).
Let now l = minm∈fα mj and choose a monomial m0 as above with the
additional property that its jth component is zero. Such a monomial exists






ym = ylj(unit). (7)
We have to distinguish two cases:
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(α(m) − α(f)) = 1
and (7) reads u = ylj(unit). This implies that v(yj) = 1 and v(u) = l; thus
v(xj) = lαj + 1 and v(xi) = lαi if i 6= j.
The new weighting β defined by
βj = lαj + 1 and βi = lαi if i 6= j
is crepant by Lemma 3.7.











and this reduces to ul
′
= yj(unit). Thus u is a local parameter, v(u) = 1,
v(yj) = l
′ and
v(xj) = αj + l
′, v(xi) = αi, if i 6= j.
As in the previous case, define a new weighting β by
βj = αj + l
′, βi = αi, if i 6= j.
Again β is crepant by Lemma 3.7.
Part (B) The local isomorphism. Let the monomial m′0 ∈ M with
β(m′0) = 1 be defined by
m′0 = e
∗
j − αjm0, in case (a),
m′0 = m0, in case (b).
Define u′ = xm
′
0 and zi = (u
′)−βixi, and let U
′
β = SpecC[u
′, z1, . . . , zn] and



















This map, restricted to the locus U ′ \ {
∏n
i=1 zi = 0}, turns out to be a
morphism, as the following calculation shows. We have xi = u
αiyi = (u
′)βizi
and, taking the product over all i, it follows that uα(m0) = (u′)β(m0)zm0y−m0 .
Since α(m0) = 1, y
m0 = 1 and β(m0) = l, this implies that the map ϕβα is
given by
yj = u
′, u = (u′)lzm0 , yi = ziz




zj , u = u
′, yi = zi, in case (b),
and therefore is a morphism.
Take a monomial m ∈ f ; we have
m ∈ fβ ⇐⇒
{
either m ∈ fα and mj = l,
or m ∈ f
(j)
>α and α(m) = α(f) + l
′.
This shows, in particular, that dimΓβ ≥ 1; let E
′ be any essential component
of E(β). The morphism ϕβα gives an injective morphism
ϕ∗βα : A → B,
where B := OX(β),E′ is the localisation of the ring of regular function on
X(β) at the generic point of E′. Therefore B dominates A for any choice of
E′, which gives the desired isomorphism. This completes the proof. 2
Remark 4.4 Let v be a crepant valuation and denote βi = v(xi). There are
finitely many weightings α ∈ W (f) such that v = vE for some irreducible
component E ⊂ E(α). This follows immediately from part (A) of the above
proof. Indeed, if E ⊂ P(α) is not one of the coordinate hyperplanes, then
E ∈ E(f) and α = β. Otherwise lαj + l
′ = βj for some j, and lαi = βi for
all i 6= j.
Since the set of crepant valuations is finite, it follows that W (f) is also
finite.
5 A formula for c(X)
Let 0 ∈ X : (f = 0) ⊂ Cn be an isolated canonical nondegenerate singularity,















This formula becomes more precise once we notice that
c(α) =
{
length Γα if dim Γα = 1
1 if dim Γα ≥ 2,
where Γα denotes the face of Γ(f) corresponding to α, and length Γα =
# (M ∩ Γα)− 1. For the case dim Γα ≥ 2 it is enough, for instance, to view
(fα = 0) as a hypersurface in the torus (C
∗)n, and then apply the toric
Lefschetz property proved in [2]. Thus we have proved the following:
Corollary 5.1 Let 0 ∈ X : (f = 0) ⊂ Cn be an isolated canonical non-






length Γα + # {α ∈ W (f) : dim Γα ≥ 2} .
Example 5.2 Let 0 ∈ X : (f = 0) ⊂ C4 where f = x3 +x2z+y2z+z4 + t12
as in Example 4.2. The only crepant weighting α with dim Γα = 1 is α =
(4, 4, 3, 1). In this case, length Γα = 2. By Corollary 5.1, the number of
crepant divisors of X is c(X) = 7.
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